
Where does the value for π come from? Most of us are familiar with the approximation of 3.14 for π.
A few of us may even know it as 3.1415 (in part because that approximation of π was an important plot
point in Night at the Museum 2 ). If you have a good calculator (and these days, everyone does, thanks to
cell phones), you can easily find an approximation of π to any place value that you want. According to the
calculator in my phone,

π ≈ 3.1415926536.

We also all know what we use π for. The circumference of a circle is dπ where d is the diameter of the circle,
the area of a circle is πr2 where r is the radius of the circle, and some of us may know that that the volume
of a sphere is 4

3π
3. In short, π is well known to us.

But why does π exist and why is it approximately 3.14 (or 3.1415 or 3.1415926536)?
Let us see if it is possible to derive π from basic observations and mathematics. We will begin by looking

at a series of circles. On the left is a circle of diameter 2 inscribed within a square, in the middle we have a
circle with a diameter of 4, and on the right is a circle with a diameter of 8.

What pattern do we see here? As the diameter increases, so does the circumference. Moreover, the relation-
ship between these two appears to be directly proportional, that is, the increase in size of the circumference
increases by the same factor that the diameter increases. Notice that each square is directly proportional
to the diameter of the circle. Since the square has the same width as the diameter, and since there are four
sides to the square, the perimeter of the square is always four times the diameter of the circle. Since the
circle fits inside the circle exactly the same way, it follows that the circle is also directly proportional to its
diameter. However, it is proportional by a factor less than 4, since the circumference of the circle fits inside
the square. Since this factor is unknown at this point, let us assign it a constant. We will say that

c = pk

where c is the circumference of the circle, p is the perimeter of the circle, and k is a constant.
Now we need to actually find out what k is. We could try drawing an accurate circle, measure its

diameter, measure its circumference, and then calculate the constant. However, that method would be very
imprecise: if the circle is less than perfect or if the measuring tool is less than perfect, then our calculation
for k can be off. Rather than trying to measure a circle, let us try to use trigonometry to find the relationship
between the diameter and the circumference.

Let us start with a unit circle, such as the one below.
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It is called a unit circle because its radius is 1. Now, let us inscribe a polygon inside the circle. We will start
with a square (I know, most people would call it a diamond, but it is just a square rotated 45o). This square
can then be divided up into four wedges(triangles). Finally, we can look at a single wedge.

It would be pretty easy to figure out the length of the green line on the wedge. Since the sides of the wedge
(the purple lines) are one unit, by Pythagorean’s theorem, the green line must be√

12 + 12
√

1 + 1
√

2.

Since there are four wedges, then the perimeter of the square is 4
√

2. Of course, this is less than the
circumference of the circle, but it gives us a rough approximation.

Let us do the same thing, but this time, we will inscribe a hexagon inside the unit circle.

The wedge is smaller, so an estimate using a hexagon will be closer to the circumference of the circle. Let
us use one more example: an octagon inscribed inside the circle.
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Using an octagon would be more accurate still. We could go on inscribing polygons with more and more
sides in the circle, and thus getting narrower and narrower wedges, but what we have seen is enough to
establish the pattern that we will follow.

Let us look at a single wedge from the octagon. Rather than finding the length of the short side of the
triangle (the green side), let us instead draw a line perpendicular to the left side of the wedge and make a
right triangle.

Technically, we actually made two right triangles, one above the black line with purple, green, and black
sides and one below the black with with two purple sides and a black side. We will focus on the latter
triangle. We will treat the length of the black side as approximately equal to the length of the green line.
Visually, we can see that they are not the same, but as the wedge get narrower, the two lines get closer in
length. Consider the following images, which show wedges with angles of 22o, 10o, and 1o.

As the wedges get narrower, the black and green lines get closer in length. They both get very short, but
they get closer in length.

Let us consider the 45o wedge again. How long is the black line? Since the sine of an angle describes the
ratio of the side opposite the angle (the black line) to the hypotenuse (the long purple side), and since the
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hypotenuse (the radius) has a length of 1, the length of the black line is

sin 45 =
l

1
l ≈ 0.707107,

where l is the length of the black line. Since there are eight wedges in the octagon, the perimeter of the
circle is approximately

8× 0.707107 = 5.656856.

Now we will have to write a generic equation with variables that will allow us find the length of the black
line regardless of the angle. We will let θ (the Greek letter theta) be the angle. Thus, the length of the line
is

l = sin θ.

How many lengths are there? Since there are 360o around an entire circle, then if there is a wedge of θo, the
number of wedges around the circle will be 360

θ . Consider when we looked at the wedge with a 45o angle.
There would be 360

45 = 8 wedges, which we already knew since the 45o wedge came from an octagon. Now,
if we put everything together, the approximate circumference of a circle using wedges with θ degrees is

360

θ
sin θ.

Now, let us go back to our proportionality between the diameter and circumference of a circle, which is
c = dk. Since we have an approximation for the circumference of a circle, we can put that in for c (the
circumference). Since we are looking at a unit circle, the diameter of the circle is 2. Thus, when we solve
for the constant k, we get

c = dk

360

θ
sin θ = 2k

360

2θ
sin θ = k

k =
180

θ
sin θ.

Remember that the black and green lines on our wedges get closer in length the narrower the wedge is. The
narrower the wedge, the smaller the degree. Thus, as the degrees get smaller and smaller, our approximation
for k gets more and more accurate. Putting it mathematically, we say that

k =
180

θ
sin θ as θ → 0.

The part “as θ → 0” is read “as theta approaches zero.” It means just that: as theta gets smaller and
smaller, it gets closer to zero. Notice that we cannot put zero into the equation itself, because then we would
divide by zero, which is not possible. Thus, we have to content ourselves with just getting very small (close
to zero).

Let us see what happens to k as we use smaller and smaller values for θ. We will start with θ = 1, then
move to θ = 0.1, θ = 0.01, and end with θ = 0.001. Doing so gives us

k =
180

1
sin 1 ≈ 3.1414331587

k =
180

0.1
sin 0.1 ≈ 3.1415910586

k =
180

0.01
sin 0.01 ≈ 3.1415926376

k =
180

0.001
sin 0.001 ≈ 3.1415926534.
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Considering that π ≈ 3.1415926536, I’d say that our approximation for k gets pretty close to π. It would
get closer still if we used even smaller values for θ, but I think that we have sufficiently shown how π can be
derived. In the process, we have also shown that the circumference of a circle is π times the diameter. We
can quickly show why the area of a circle is πr2. We will need to modify our equations somewhat. We used
a unit circle, that is, a circle with a radius of one. We need to have a more generic equation for a radius of
any length. Now, our equation for the length of the black line is

l = r sin θ

where r is the radius of the circle. Since the length of the wedge is the radius of the circle, and the area of
a triangle is the length of the base (purple line) times the height (black line) divided by 2, the area of each
wedge is

r × r sin θ × 1

2
1

2
r2 sin θ.

There are 360
θ wedges in the circle, so the whole area is

360

θ
× 1

2
r2 sin θ

180

θ
sin θ(r2).

Since we already know that 180
θ sin θ = π as θ approaches 0, it follows that the area of the circle is πr2. I

will not derive the formula for the volume of a sphere, since that will require calculus and I do not want to
delve any further into that subject. I say any further because we have technically touched on a very basic
concept of calculus: being able to carry a variable to zero (that is, approaching zero) or carrying a variable
to infinity is a foundational concept in calculus. Isn’t that interesting? We started with just trying to figure
out why π exists and we ended up brushing up against the concept of calculus. But that’s mathematics for
you: ideas and techniques that seem disparate and diverse are actually closely related to one another.
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